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A rigorous der iva t ion  is g iven  of upper  and lower  bounds for the 

t h e r m a l  res is tance of a body enc losed  b e t w e e n  two surfaces,  one of 

wh ich  encloses  the o ther .  The t w o - d i m e n s i o n a l  and t h r e e - d i m e n s i o n a l  

cases are e x a m i n e d .  Spec i f ic  formulas  are g iven  for the cases of a 

r ec t ang l e  in a r ec t ang l e  and a p a r a l l e l e p i p e d  in a p a r a l l e l e p i p e d .  

1. The p rob lem can be formula ted  as follows: we 
wish to find upper  and lower  bounds for  the the rmal  
r e s i s t ance  of bodies of complex shape. 

The bas ic  method is based on the analogy between 
steady the rmal  and e lec t ros ta t i c  f ields.  Let there  be 
a sur face  So enclos ing a sur face  S1. The t empera tu re  
of S 1 is main ta ined  at t 1 = 1, and of So at t o = 0. The 
the rma l  r e s i s t ance  R between surfaces  S o and S 1 is 
re la ted  to the e lec t r i ca l  capaci tance C of a capaci tor ,  
whose plates,  sur faces  S o and S 1, are  main ta ined  
at potent ials  u0 = 0 and u I = 1, respec t ive ly .  (The 
space between S O and S 1 is f i l led with a d ie lec t r i c  with 
e = 1.) According to [1], 

1 1 
R (1) 

4~k C 

where k is the the rmal  conductivity.  We shall  evaluate 
the quant i ty  C -~. 

2. What follows is based on the wel l -known v a r i a -  
t ional  de te rmina t ion  of capaci tance,  

C=inffIvu;2dV, U]s ~=0, Uf, s~ - 1, (2) 
u D 

where inf, the g rea tes t  lower bound, is evaluated over 
the set  of di f ferent iable  functions t r a n s f o r m i n g  into 
0 and 1 on S O and $1, respec t ive ly .  F r o m  defini t ion (2) 
we can der ive  the following lemma.  

Lemma 1. The capaci tance is not i nc reased  
when the sys tem is made symmet r i ca l .  

A formal  defini t ion of symmet r i za t i on  and a proof 
of Lemma 1 a re  given in [2] and in [3]. 

Refe r r ing  the r eade r  to [3]for the proof of Lemma  1, 
we introduce the definit ion given there  of the concept 
of symmet r iza t ion ,  used in L e m m a  1. 

Definition. Symmetr iza t ion  re la t ive  to a plane P 
t r a n s f o r m s  a body D into a body D*, which has the 
p roper t i e s :  

1) D* is s y m m e t r i c a l  r e la t ive  to P; 
2) any s t ra ight  l ine pe rpend icu la r  to P and i n t e r -  

sect ing one of the bodies D or D* also i n t e r sec t s  the 
other;  chords in te rcepted  on the s t ra ight  l ine by the 
two bodies have the same length; and 

3) the i n t e r cep t  of the s t ra ight  l ine cons idered  with 
D* takes the form of a s ingle sect ion which is b isec ted  
by the plane P. An analogous defini t ion holds for s y m -  

me t r i za t ion  of the plane of the figure re la t ive  to a 
s t ra ight  l ine lying in the plane of the f igure.  Repeated 
symmet r i za t i on  re la t ive  to a sui tably chosen infini te  
sequence of planes (lines) t r ans fo rms  any body (figure) 
into a sphere  (circle)  with the same volume (area).  

Fig. 1. Rectangle within a rectangle .  

The capaci tance proper ty  indicated in Lemma 1 can 
be used to find an upper  es t imate  for the quanti ty C -1. 
For  example,  we shall  cons ider  the plane problem:  
to evaluate C -1 for a plane si tuated between curves  Co 
and C1, spanning a reas  A0 and A~, respect ively .  It 
follows f rom Lemma 1, that 

C - ~ l n  A~, (3) 
ho 

since symmetrization sends the curvilinear ring, 

bounded by curves C0 and CI, into the circular ring 
for which C -I coincides withthe right side of inequality 

(3). A mathematical proof of Eq~ (3) is given in the 
book [3] and the article [4]. 

To obtain a lower bound for C -I, we make use of 
the following inequality: 

vl 

j' dvT-l(v) ~C-', (4) 
o 

where 

1 Syd--~-v do, 
T (,~) = ~ dn 

S(v) 

(5) 

The function S(v) is  a fami ly  of closed sur faces  such 
that S(v) is contained within S ( p ) f o r  v < #, S(0) = S o 
and S(vl) = S 1. Inequali ty (4) is given in the book [3], 
page 85. 

3. We shall  apply the a rguments  of w to obtain 
an es t imate  of the quantity C -I,  sui table  for p rac t ica l  
application.  Let the t empera tu re  on surface S 1 be 1, 
and on So, 0. F r o m  Eq. (3), we have 

ab 
C-~ ~< In - -  (6) alb'l 
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We shal l  choose  S(v) to be the r ec t ang le  shown in 
Fig .  1, and the p a r a m e t e r  v to be the d i s tance  noted 

b 

I & 

Fig.  2. Rec tangle  within a r ec t ang le .  

on Fig, i .  0 -< v - d. We shall calculate T(v) from 
Eq. (5): 

l [  1 
T(~) = ~ -  sina ( a ~ + v c ~  + 

+i 1 
(b, +vsin12 + vcos12tg6)+ c.~,,§ ( a t +  

COS 12 COS 12 

+ vcosa  + ,s in12ctgi3)  + tgi~ (bl + 
slna 

where  

+,~ sina + ,~ cosa tg6)] = A + vB, 

 [(+ctg0) 
A = at 'sin12 c0s12 

( ' 
+t~. cosa + s i n a / j  

+ 

(7) 

(8) 

I 
B = ~ (tg 12 + ctg 12 + t g  i~ + ctg l~ + tg 6 + 

Jr- ctg 6 + ctg 6 tg a ctg I~ + tg 1~ ctg 12 tg 6). (9) 

F r o m  Eq. (4) we have 

d d I n(l+O) = A + B v  B ~ d < C -  I. 
0 0 

(10) 

There fo re ,  

1 z ab 
-~  In ( 1 + B A - ' d )  = ---~--+ b~ In ~. 

r~ ab 

a ~ + b ~ 
- -  lng ~<: C-t-..< ln~ 2 --- 21nx.' (12) 

We sha l l  cons ide r  the ca se  when the r ec t ang l e  is  c lose  
to being a square ,  i . e . ,  b / a  ~ 1. Then 

1.871ng < C- t  ~ 21n~. (13) 

If we take  C -I  to be the a r i t h m e t i c  mean  of the upper  
and lower  bounds,  i .e . ,  we put  

21n~r + 1.571n~ 
C - t  = = 1.78 In x, (14) 

2 

then the r e l a t i v e  e r r o r  wi l l  not exceed  (1.78 - 1 .57) /  
/1 .57 -- 0.14. Thus, i t  is  convenient  to use  the f o r m u l a  

C .  t = l  In a - ~ + -  f f  l n ( l + B A - t d )  , (14') 

where  A and B a r e  de t e rmine d  by Eqs.  (8) and (9). 
An approx ima te  de t e rmina t i on  of the capac i t ance  

accord ing  to Eq. (2) can be made  as  fol lows.  We take  
any function u(x), t r a n s f o r m i n g  into 0 on S O and into 1 

on S t ,  for  which the i n t eg ra l  S I V u (x) 12 dV, x = (xt, &) 
D 

is  c a l c u l a t e d .  The value  obtained i s  an app rox ima te  
va lue  of the capac i t ance ,  exceed ing  the t rue  value .  

~4~. I''' le, /4, 

/ 

Fig.  3. P a r a l l e l e p i p e d  within a pa r a l l e l e p iped .  

Here  B and A a r e  d e t e r m i n e d  accord ing  to Eqs.  (8) 
and (9) in t e r m s  of the da ta  of the  p r o b l e m .  F ina l ly  
we have 

B -1 ln(l  + BA- 'cO ..< C - I  ..< In - - -  ab (11) 
atbt 

Example  1. In o r d e r  to e s t i m a t e  the e r r o r  made  in 
ca lcu la t ing  accord ing  to Eq. (11), we s h a l l  c o n s i d e r  
an example  in which c~ =/9 = 6; a / a  1 = b / b  1 = ~ .  We 
have 

1 3 = l ( t g a + c t g 1 2 ) =  1 a ~ + b  ~" ' 
n ab 

x - -  1 l/~a2 + b 2 
d 

x 2 

We shal l  d e m o n s t r a t e  another  method fo r  eva lua t ing  
a lower  bound of C -1, us ing  the quant i t ies  h,,  h2, gl, 
and g2, 0-< v -  h 1 ( see  Fig .  2): 

x ( b  ~ _ _ +  _ v = 

h, [h (d, ix + a,) + g (d~ ix + bl)], = - -  

4ax 

d, --= a - -  at; d ~ b - - b j ,  

ix = v /hf i  h = h-{ 1 + h ~ l ;  g = g i  -1 -+- g - ( l .  
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~el'l.CO~, 

/q 1 

<-,>.<C t' < ' "  - J h t ( J  ~ + B ' )  "= 4~, A;~ +--B- 7 - -  
o 0 

A" ", �9 I - I n  I + - - ~ ) ,  
=- 4n A" 

w h e r e  

A' = hd~ + gd~, B' = ha, + gbi. 

(10')  

I t  i s  a p p r o p r i a t e  to  commen t  on the m a t t e r  of r e a -  
aonable  choice  ( f rom the  v iewpoint  of m i n i m i z i n g  the  
r e l a t i v e  e r r o r )  of the  va lue  of  the quant i ty  x,  which 
l i e s  within the  l i m i t s  Q0 < x < Qi, and t akes  on any 
value  in the  i n t e r v a l  (Q0,Q1) ~ t h  equal  p robab i l i t y .  
The d e s i r e d  va lue  x = 2QoQI/(Qt + Q0) r e a c h e s  a m i n -  
imum,  s ince  x i s  then the  m a x i m u m  of the  e r r o r s  
(x - Q0)/Q0 a,-~l (Q~ - x ) /Ql .  F o r  example ,  i f  we use  
the f o r m u l a  

C~a= 2.1.571rt:~21n~ = 1.761nu, (14") 
1.571nx + 21n~ 

ins t ead  of  Eq. (14), the  r e l  a t ive  e r r o r  wil t  then not e x c e e d  

1.76--1.57 2 ~ 1 . 7 6  
----0.12, 

1.57 2 

4. We sha l l  c o n s i d e r  the  ca se  when the body i s  
s i t ua t ed  be tween  p a r a l l e l e p i p e d s  So m~d S 1. I t  is  con-  
ven ien t  to r e g a r d  the  d i s t ances  d, 1tl, h2, gt,  g2, f l ,  
and f2  a s  known. We sha l l  e s t i m a t e  an uppe r  bound 
fo r  the  quant i ty  C - i  in m~.atogy with Eq, (3). In  the  
t h r e e - d i m e n s i o n a l  c a s e  we have 

w h e r e  

t 1 C - t  
ro r~ 

( ~  ) t /~ 
~ =  V~ i = 1, O; (15) 

and Vi i s  the  vo lume  c t o s e d w i t h i n t h e  s u r f a c e  Si. 
I n c u r  ca se ,  Vi = abe ,  V0= a~b!cl,  and 

We sha l l  c a l cu l a t e  T(v), having t aken  S(v) to  be a 
p a r a t l e t e p i p e d  s i t ua t ed  wi th  r e s p e c t  to  the two g iven  
p a r a l t e l e p i p e d s  in the s a m e  way as  the  r e c t a n g l e  S(v) 
in F ig .  1 was  s i tua ted  with r e s p e c t  to  the r e c t a n g l e s  

S0 and S 1. We shal l  take  the  p a r a m e t e r  v to be the 
d i s t ance  shown in F ig .  3, 0 --< v --< h~. We have 

x +b~ 1 - - X  ~ . + x 

• +On i ~  + c l  1 ~  + 

+ h~ + ~ + a~ ! ~' • 

Therefore, putting/~ = v / h l ,  we have 

~,~ { 

C-t> dvT-~(v)  = 4n , .... ap2_~. ~ _[_ y ., 

o o 

w h e r e  

(~7) 

•  
g~ 

x Ib~ + ( i - - ~ ) b ~ l I c ~  + (I - -  p.) c~] + 

1 
( 1 8 )  

We shal l  in t roduce  the notat ion 

i , t , +  1 

a--a~ = dt, b - -b l  = d~, c - - c ,  =ds.  (19) 

Then, 

a = hdfl~ -~ gdfl3 + [dfl~, (20)  

= h (dib 1 + d~al) + g (d: l  + dzbl) + : (d~cl -[- afla), (2 t )  

y =~ halbl + g blc, + ~a:v (22) 

E xa mple  2. Let  t h e r e  be  two a p p r o p r i a t e l y  l oca t ed  
cubes  ( see  F ig .  3) such tha t  

C - -  C 1 a ~ a 1 

2 2 

: l=F.z_.  - b - -b1  , a = b = c ,  
2 

a b c 4 
. . . . . .  ~ >  I, h = g = : = _ ,  

a l  bl C1 

d = a l ( r r  a =  1 2 ( •  ~=24a~,  

y =  av 
d ~ - - 1  

Let ,  f o r  example ,  ~ = 2. Then, 

51 9~ 1 : 

1 

a~ j 12~ ~ + 24~ + 12 651 
o 

(4=V,'3 , ~ ~ C- '  ..< 
~a~ i T /  2a~ 

_ _  0.80 0.52 ~< C_ I ~ : . 
al al  

(28) 
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There fo re ,  if we put C -1 = (0.80 + 0 .52) /2a  1 = 0 .66/  
/ a l ,  the r e l a t i v e  e r r o r  wil l  not exceed  (0.66 - 0.52)/0.52 = 
= 0.27. If we choose 0.63/a 1 for  C -1, the r e l a t i v e  e r r o r  
does  not exceed  0.21. The number  0.63 appea r s  as  fo l -  
lows. The e r r o r  does  not exceed  the max imum of the num-  
b e r s  ((0.80 - O.52)/0.52)qand((0.80 - 0.52)/0.80)(1 - 
- q), 0 < q < 1. F o r q  = 0 . 3 9 b o t h t h e s e n u m b e r s e q u a l  
0.21, and for  q ~ 0.39 one of them is  g r e a t e r  than 0.21. 

In conclusion,  we c o m p a r e  our  value  of C -1 = 0 .66 /  
/ a l  with the exac t  known value for  a s p h e r i c a l  l a y e r  
enc losed  between s p h e r e s  with r a d i i  r 1 and r > r l ,  
for  which C -1 = 1 / r  1 - 1 / r .  

We shal l  choose  r 1 and r such that  the vo lumes  
of the co r r e spond ing  s p h e r e s  a r e  equal,  r e s p e c t i v e l y ,  
to the vo lumes  of the cubes with s ides  a l  and a = 2a l ,  
i .e . ,  we put  r 1 = a l (3 /47r )  1/3, r = 2r  1. Then 

l 

C-I rll rr ( ~ ) - ~ (  lal 2all ) _  0.80al 

As follows f rom the gene_ral cons ide ra t i ons  p r e s e n t e d  
in Sect ion 1, we obtain the value  appear ing  on the r igh t  
s ide  of inequal i ty  (23). 
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